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Notation

We use the following conventions, where a symbol carries its analogous meaning from 7Z to

F, [f].

Sets and rings
N,Z,R,C

Ff]? F(I[t]

P

natural numbers, integers, reals, complex numbers.
finite field of ¢ elements and the polynomial ring over it.

rational primes (resp. monic irreducibles in F,[t]).

Divisibility and arithmetic

(a,b)
[a, 0]
alb
p7p

deg f
D
Ed
1y

Arithmetic functions

C(5), Cols)

fxg

Asymptotic notation
f~y

f=0(), [ <y
f=olg)

f=yg

ged(a, b).

lem(a, b).

a divides b.

a generic prime (resp. monic irreducible).

degree of f € F[t].

the norm of D € F,[t], |D| = ¢i°&? = #F,[t] /(D).
floor of x.

indicator function.

Mobius function.

Liouville function, A(-) = (—1)%0).

von Mangoldt function.

number of prime factors with multiplicity.
number of distinct prime factors.

number of divisors.

product of its distinct prime factors.

Euler’s totient.

Riemann zeta function and its F,[¢] analogue.

Dirichlet convolution.

flg— 1.
|f| < Clg| for some constant C'.

f/g — 0.
f<gand g < f.



1 Introduction

When you have eliminated the
impossible, whatever remains, however
improbable, must be the truth.

Sherlock Holmes

Counting is perhaps the simplest form of mathematical inquiry we have; “How many of
x is there?,” is the origin of much of modern number theory. These questions still remain
relevant today with questions like, “Are there infinitely many primes of the form n? + 1,
or, “Is there an odd perfect number?” Counting certain objects can be difficult, however, as
some objects are more readily described by what they are not rather than what they are (e.g.
primes are numbers that are not divisible by anything except 1 and itself). This leads to
techniques like inclusion-exclusion-style counting. Sieve theory is the systematic refinement
of these methods to bound the number of elements in a set. The simplicity of sieve methods,
however, is their bane as well. These methods are capped by the parity problem: sieves
cannot distinguish between numbers with an even number of prime factors and those with
an odd number, and this single obstruction is what stands between the machinery and
conjectures like the infinitude of twin primes. The question is thus: where precisely does
this limitation land, and what does it take to strengthen these counting methods for accurate
results?

1.1 Goals and Directions

Our goal is to understand the weight of the parity problem of sieve techniques. We do so
through two major considerations: 1) we leverage the structural similarity of the rings of
integers Z and polynomials IF,[t] to isolate what analytic and geometric information do or do
not permit bypassing parity; 2) we focus on the problem of the twin prime conjecture—which
hypothesizes there are infinitely many pairs of primes that differ by 2—where the asymmetry
between the two settings is sharpest as it is proven in the case of F,[¢] while still open in Z.
These aspects allow F[t] to be the ideal “control experiment” to analyze what sieves lack
and what suffices to support them.

We proceed in four major parts: 1) we set up and motivate the basics of sieve theory; 2)
we adapt the Selberg sieve to polynomials and give an upper bound on the number of twin
irreducible polynomials; 3) we discuss the parity problem that is the major hurdle to sieve
arguments; and 4) we end with a comparison of the twin prime conjecture over Z vs. F,[t]
and what it takes to overcome parity. We provide some novel calculations in translating
results from Z to F[t].

2 The Basic Sieve Set-Up

The principle of sieve theory is to use inclusion-exclusion counting to “sift” away “bad”
elements and be left with a count of the “good” elements.



Example (Counting primes). Let 7(X) = #{primes < X} be the prime-counting function,
and say we want to calculate (100). The key characteristic of primes < 100 is that they have
no prime factors < v/100 = 10, i.e. they are not divisible by p; = 2,ps = 3,p3 = 5,ps = 7.
By inclusion-exclusion, we can “sift out” all the composite numbers from A = {n < 100}
via this divisibility criterion.

w(100)+1—4:100—;{%J+Z“®J - > { ‘10'0 JJF{ 100 J:zz

i< Dipj i<j<k PiD;Pk P1P2pP3P4

(noting that we need to count the 4 primes we sifted by, and that 1 is not a prime).

We now generalize this divisibility principle to a more general sifting set. The idea is
that by carefully designing an ambient set A and what prime factors we allow to survive the
sieve, we can estimate more complex number-theoretic quantities. We follow [8][3].

Definition 2.1 (Sifted set). Let A be a finite multiset or sequence from N, P C P = {p:
p is prime}, and z € R. Then the sifted set or sifted function of A is

SA,P;z)={neA:VpeP (p|ln=p=>2)}

i.e. the elements of A that have no prime factor less than z. We sometimes abuse notation
and write S(A, P; z) to refer to both the set above, or its cardinality, with context making
it clear.

Let IT := II(P;z) == [[{p € P : p < z}, so in particular S(A,P;z) = {n € A :
(n, II(P; 2)) = 1}. If we let A3 = {a € A:a=0mod d} i.e. the elements of A divisible by

d, we obtain:

SAP = 3 1=Y Y uld) = @ Y1 = 3 A

aGA acA d|(a,Il) d|T1 acA d|II
(a,lT)= dla

using the standard properties d | (a,b) <= d | a,b and >, u(d) = 1g=1}. This is
precisely the inclusion-exclusion formula we used earlier.

Remark. The condition n € S(A,P;z) <= (n,II(P;z)) =1 is convenient for its expres-
sion as a divisor sum of y, but not the only choice: replacing it with |u(n)| = 1, for instance,
sifts for squarefree elements, and most of the analysis carries through with the corresponding
sifting function in place of u [16].

This formulation is not yet usable for concrete calculation for two reasons. First, the sum
has exponentially many terms: taking II(P;z) as the product of all primes below z gives
27(2) divisors. Second, #.A4, is rarely available exactly, even for A = {primes < z}, only
asymptotic and on-average results in arithmetic progressions are known (see Theorem [4.4)).
We adopt instead the heuristic decomposition

d
#Ad = ’A‘ # +Rd



where w : N = R>( is multiplicative and R, absorbs the error; this form must be verified
for each A. Heuristically, w(d) counts the residue classes modulo d that produce elements
of A divisible by d, and multiplicativity reflects independence of divisibility across coprime
moduli—exact in many cases via the Chinese Remainder Theorem.

Example (Prime counting). Let A= {n € N:n < X}, P =P, 2 = VX. Then S(A,P;2) =
7(X) —7(2). w(p) =1 for all p. This was the set we were counting above for X = 100.

Example (The twin-prime conjecture). Let A={n(n+2) :n < X}, P=P, z =X + 2.
Note that if n(n+2) has no prime factor < z, then both n and n+2 are prime. The equation
n(n 4+ 2) = 0 mod p has 1 solution when p = 2 and 2 solutions for p # 2. Hence w(2) =1
and w(p) = 2 for all p # 2. Thus, S(A,P;z) counts the number of twin-prime pairs in

(VX +2,X).

Example (Goldbach’s conjecture). Let A = {n(2N —n) : 2 < n < 2N —2}, P =P,
z =+V2N. w(p) =2 for all p. Then S(A,P;z) counts the number of prime pairs that sum
to V.

Letting X = |A|, we have by the multiplicativity of p and w, a type of Euler-product
rewriting:

S(A,P;z) = p(d)#Ar= XD p(d —d+ d)Ry XH( )Z

djI d|T1 d\H peP d|11
p<z
noting that u(p) = —1 for a prime p. The triangle inequality gives us the formal Sieve of
Eratosthenes-Legendre:

S(A,P; z) - XH(1—%> <> |Rdl

peEP d|TI
p<z
Continuing the example of counting primes, we take w(p) = 1 for all primes p (~ 1/p numbers

are divisible by p). To convert the sieve quantity into a proper estimate, we invoke a theorem
of Merten [§] [3]:

Theorem 2.2. Hp<z ( — %) ~ 160; where v is the Euler-Mascheroni constant.

Putting it all together, we have:

e_'y
Cs) m(2)
‘S(A,P,z& v < R <2

d|Tt

The remainder term on the right can be very large though, making our estimate of S(A, P; z)
uncontrolled! To make this useful, ideally the remainder term is small compared to the main
term i.e. something like > |R4| = o(x/log z). A quick calculation with the Prime Number
Theorem shows the choice of z < logx is sufficient [g].
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But notice logx < y/z, so this choice of z is much coarser for our purposes of trying to
count 7(x) —7(z)! Our count now additionally includes composite numbers, for example, pq
with logx < p,q < /x. This is the fundamental tradeoff of sieves: as we increase z,
our main term shrinks (as we multiply by more terms 1 —w(p)/p < 1) and makes our count
more accurate, but makes our remainder term larger. To get better results out of sieves,
different types of refined techniques have emerged. These range from combinatorial ideas
(e.g. Brun’s sieve) that focus on the behavior of inclusion-exclusion, to analytic ones that
have nice proofs of optimality. We focus on an example of the latter to highlight precisely
how much we can squeeze out of sieves to see where they lack and need support.

3 The Selberg Sieve over F,|t]

We have seen how sieves can formalize and make tractable certain number theoretic problems,
like counting twin primes. Before we develop deeper, stronger sieve techniques that attempt
to tackle such a problem, we first expand to a broader application of sieves to polynomials
over finite fields. Z and F,[t] share many of the same algebraic properties that allow sieves
to transfer nicely over, but the latter has much stronger analytic and geometric results. This
allows F,[t] to be a nice testing ground for probing sieves’ capabilities and strengths; if sieves
alone cannot prove a result in [F[t] with access to results like the Riemann hypothesis, there
is not much hope it will do better in Z.

3.1 A Recap on Euclidean Domains

There are essentially three key components that sieves require: 1) a set of “primitive” objects
to sift by; 2) a notion of size to truncate our sieve counting; and 3) a Chinese Remainder
Theorem which underlies the multiplicativity of the density function w. These fit precisely
the qualities of Euclidean domain. Recall that a Euclidean domain (ED) is an integral
domain that admits a division algorithm with respect to a norm N : R\ {0} — N, and that
primality and irreducibility coincide (as such we use the terms interchangeably).

The most natural ED to work in is Z, where the Fundamental Theorem of Arithmetic gives
us our unique factorization into primes and N(n) = |n|. The more tacitly understood fact is
that the ring of polynomials Kt] is also an ED for a field K: we can factor any polynomial
into a product of irreducible polynomials and have a norm of N(f) = deg f. This sets up a
correspondence of our sieve formulation for polynomials with irreducible polynomials taking
the place of prime numbers. We look at in particular the ring of polynomials over a finite
field F,[t] as opposed to Z]t], as that allows us to control the size of the number of residue
classes modulo a polynomial. Note the number of monic polynomials of degree n in F[t] is

q".

To keep the parallels, we use the same notation as before (again allowing context to
determine the setting/objects we are working with). Let A C F,[t], and P C P = {p(¢) €
IF,[t] : p monic, irreducible}, and m € Z an integer that will determine our “prime cut-off”
like z did before. Thus, we have

S(A,P;m)={ft) € A:VpeP (p| f=degp>m)}

6



That is, S(A,P;m) is the set of polynomials from .4 that only have irreducible factors of
degree at least m.

Remark. Every polynomial can be written as f = ¢- f with f monic, so counting monic vs.
non-monic polynomials only differs by a factor ¢ — 1.

Again, let IT := II(P;m) := [[{p € P : degp < m} and Ap = {f(t) € A: f(t) =
0 mod D(t)}. We use the same heuristic #Ap = | A|2L) D] ) + Rp.

S(A,P;m) = XZ —+Zu JRp = q" Z degD+Z,u

DIII DM Dl Dl

where |D| = #F,[t]/(D(t)) = ¢%&P is the number of residue classes modulo D(t), and
= |A| = ¢". We will also make the assumption that 0 < w(D) < |D| = ¢%°¢P so that our
sieve is non-trivial.

Example. Counting degree n irreducibles like primes functions exactly the same as before.
w(p) =1 for all p, and Rp = 0 for deg D < n: a degree n polynomial f divisible by D if and
only if it can be written as f(¢) = ¢(¢)D(t) with degq = n — deg D. Hence there are exactly
q"dee D = gn.1/q%e D polynomials divisible by D. For deg D > n, then D { f for deg f = n,
so #Ap =0, Rp = —¢"/|D|. By a similar analysis using more elementary facts of [F,[t] [11],
we have
S(APim) - (14 O(l/m))' <y -
S L
DIt
deg D>n
If we let x = ¢", we see this is the same form as the integer case. Ideally, taking m = [n/2]
gives a similar count of irreducibles as we deduced before, but again we need the error
small. If we let m < log, n, then our remainder is 0 and this is exact, so already we see the
beginnings of the strengths of F[t] with much cleaner error control in this simple example.

3.2 The Selberg Sieve and its Fundamental Theorem

We now develop some more sophisticated sieve technology in what is known as the Selberg
sieve. The idea of this sieve is to approximate sieve quantities with smooth parameters to
optimize. We present the sieve and its results as an adaptation of [8], [3], [16], [15].

Remark. Webb [15] formulates the sieve more generally, specifying for each irreducible p;
a set of residue classes {r;;}; to remove rather than removing all multiples of p;. The two
formulations are interchangeable on the problems we consider, so we keep the divisibility
setup of [8], [3].

3.2.1 Approximations and Truncations

The core identity that evaluating our sifted set S(A, P;m) relies on is - p y (D) =1 <=
N(t) = 1 is the identically 1 polynomial. By letting N(t) = (f(¢),II(P;m)), this gives us



an indicator function for f having no small factors. As noted before, this sum is quanti-
tatively dangerous for obtaining useful estimates summing over 27#irreducible factors of N hich
risks blowing up our remainder. To control this remainder, we truncate our sum:

S(A,Pim)~ Y u(D)#Ap
DITI(P;m)
deg D<y

y is sometimes referred to as the sieve level. However, because of the alternating nature of
i, the choice of y determines whether this truncation is an upper or lower bound (this is
the basis for combinatorial sieves, like Brun’s sieve; see [8][3]). To control the behavior of
this truncated approximation, we bound our sifted set with another sum that always bounds
regardless of truncation.

Thus Selberg opts to find p™, u~ such that

Y u (D) <> D) <> pH(D

DIN DIN D|N

to give the corresponding bound on the sifted set

> W(D)#EAp <SAPim) < Y pT(D)#Ap

DIII(P;m) DIII(P;m)

We will focus on the upper bound, as we will see later that lower bounds are almost always
trivial. Thus, our goal is to find an appropriate x4+ and minimize the righthand side of the
inequality

X R

S(APim) <X > ut(D) —+ Z D)||Ro| (1)

DI|II(P;m) ‘ DIII(P; m)

to get the best results possible.

A natural choice for the upper bound is to take some nonnegative function, like (D) =
)\QD, for some parameters \p € R. This clearly satisfies the constraints if we let \; = 1
(where 1 is the constant 1 function), but this is practically useless. To minimize the main
term M, we just set Ap = 0 for D(t) # 1, and we are left with X - A, <
obtained the trivial bound S(A4, P;m) < X.

\1| = X i.e. we have

To allow for more substantial control, we add some cross-terms. Selberg chooses

:U/+<D) = Z AD, AD,

[D1,D2]=D

If N(t) # 1, then

Sty = Y Aodn= Y ADl)\DQ:(ZAD)QZO

D|N [D1,Ds]|N Dy, Dg|N DIN



using [f, 9] [ h <= f,g|h I N =1, then }°p\u™(D) = pF(1) =3 =1=3p (D).
Importantly, this bound p™* respects truncation: for any choice of Ap, holds. Specifically,
if we let Ap = 0 for deg D > /2, then ™ (D) = 0 for deg D > y: suppose D = [Dy, Ds], so
y < deg D = deg(|D1, Ds]) < deg(D;1Ds), and hence at least one deg D; > y/2 and so their
corresponding A\p, = 0, making the sum defining (D) = 0.

3.2.2 A Minimization Problem

With a truncation on p* (D) imposed by the Ap as above, the main term M looks like:

w(D w(D
DIIL(P;m) DII(P;m) [D1,D2]=D
deg D<y deg D<y

w([Dla DZ])
- Z >\D1 ADz—
[D1,D2]|TI(P;m) |[D17 DQ”
deg D1,deg D2<y/2
- Z w(D)Ap, w(D2)Ap, |(D1, Dy)|
Dif  [Dof  w((Dy, D))

D1, Do |II(P;m)
deg D1,deg Da<y/2

using the fact that w, |f| = ¢°¢/ are multiplicative and (f, g)[f,g] = fg. Let & = y/2. We
have a quadratic minimization problem over the variables {A\p € R : deg D < £}, which we
can solve with standard methods.

3.2.3 Diagonalizing M

The problematic factor in the terms are |(Dy, Ds)|/w((D1, Ds)), coupling the Dy, Dy. The
gcd factors suggests separating them with a divisor relation, so a Mobius inversion will do.

Let
L (1) L (B L )] )
g(h(t»‘(" w(f(t)))(h(t)) Z“(L) () wh(t))H(l \p|)

Llh plh

with % the Dirichlet convolution. Note that g is multiplicative as w is, and the product
form on the right can be obtained by directly calculating 1/g for irreducibles and using
multiplicativity. So in particular, >, , 1/g(L(t)) = |h|/w(h). Note 1/g is multiplicative.



Continuing to rewrite,

- w(D1)Ap, w(D2)Ap, [(Dy, Dy)|
M= Z | D1 [Ds|  w((D1, D))

D1,Do|T1(P;m)
deg D1,deg Da<€
_ Z w(Dl))\Dl w(Dg))\D2 Z 1
| Dy | Do 9(L)

D1, D2 |II(P;m)
deg D1,deg Do <€

1 LLJDl )\Dleg)\Dz
-y L (D1)Ap, w(Ds)

L|(D1,D2)

LITI(P;m) g<L) D1,D3|TI(P;m) |D1| |D2|
deg L<¢ deg Dy ,deg Dy <€
L|D1,D2
2
S L( > w(D_M>
L|TI(P;m) 9(L) DITI(P;m) D]
deg L<¢ deg D<¢
L|D
Ly
- Z YL
LITI(P;m) g(L)
deg L<¢

where yp = > % over the sum of divisors satisfying the divisibility conditions. Thus the
change of variables (Ap) — (yp) diagonalizes the form. This is an invertible linear change in
variables, so a minima obtained in yp is a minima in A\p. We can easily obtain the inverse

change of variables.

Proposition 3.1.

M(D)%Z > w(Lys

DI L|II(P;m)
deg L<&
DIL

Proof. Note yp = >_ W(L)’\L = w(Lf)/\Lf « 1)(IT/L), so we get the inverse change of variables
by Mobius inversion. T e only sulbtlety being that we combine the divisibility requirements
to have the correct shape (i.e. write D = LE for some E). Multiply through by p(D) and
note pu(D)u(L/D) = pu(L) for squarefree L (which we have as L | II(P;m)). O

10



3.2.4 Optimizing the Parameters

Our constraint A\; = 1 translates to 1 = A1 — DL, deg 1<¢ H(L)yr. By Cauchy-Schwarz,

1]
we obtain

2 1 2
—( > M(L)?JL> —( > wI)Ve(L) g(L)yL>

L|TI, deg L<¢ L|TI, deg L<¢
1
> 9L > i
L|TL, degL 9(L)
, deg L<& LTI, deg L<¢

as u(L)* = 1 for squarefree L. Let the left sum be G(£,m) := 3 g(L), so we have M >

G(¢,m)~! with equality if and only if yr/\/g(L) = cu(L)/g(L) for some constant ¢ for all
Lie. yp, =cu(L)g(L) are the optimal values. Plugging this into our constraint:

1= Y wLm= S ad(L)g(L) = G(Em)

L|TI, deg L<¢ L|II, deg L<¢

IN

Hence, y; = pu(L)g(L)G(&, m)~! gives the minimal main term:

1
mln/\/l - E m(yZ)Q = § g(L)g(§7m)_2 = g(ga m)_Qg(ga m) = g<€7m)_1
L|II(P;m) L|TI(P;m)
deg L<& deg L<&

Thus, S(A, P;m) < XG(§,m)™" + 32 [u*(D)[| Rpl.

3.2.5 Controlling the Error Term

We have bounded the main term, and now need to check the remainder. Using the inverse
change of variables, we tediously obtain the corresponding minimizing Ap for deg D < & are

ap = HEIPE Sy,

w(D)

L|TI(P;m)
deg L<¢
D|L

~ G(&,m)w(D)

~ G(&,m)w(D)

_ wD)|Dlg(D)
- G(&m)w(D) 2

u(D)| D 2 m) !
WD) Ldr%@“(” 9(L)G(E,m)
b

w(D)|D

DIDL 5~
L|TL(P3m)

deg L<¢

D|L

DE|TI(P;m)
deg DE<¢

9(E)
DE|II(P;m)
deg E<{—deg D

11



This sum looks almost like G(§ — deg D, m), except that the sum of divisors E is over I1/D
instead of II.  Let Gp(&,m) = 3" pn/p deg m<¢ 9(£). With this, and recalling the Euler-

product form of g(D) continues to expand:

_ MD)|Dlg(D) _ HD)IPYD) e e qeo Do
= GemeD) 2 GEmpap) 9P D)

deg E<€—deg D

_ D)D) — deg D.m) <_ -
= Glemw(p) P Do (-5)
B Gp(& — deg D, m) B @ !

=) G BT (1-57)

p|D

This is messy, but helpful in one way.

-1
Proposition 3.2. u(D)Gp(¢ — deg D, m) HP‘D (1 — wf—?) < G(&,m), so in particular
|IAp| < 1.

Proof. Straightforward sum rewriting, grouping elements together by ged(-, D):

GEm)y= > gL)=>_ > gL)y=> >  g(KH)

LTI K|D LI K|D KHIII
deg L<& deg L<¢ deg H<{—deg K
(L,D)=K (H,D)=1

=Y 9K) Y gH)

K|D KHI|I
deg H<{—deg K
(H,D)=1

—S k) S g

K|D deg H<¢—deg K
HDIII

> g(K) ) g(H)

K|D deg H<¢(—deg D
HD|T

—Zg )Gp(§ — deg D, m)

K|D

with the two key steps noting that (L, D) = K implies (L/K, D) =1 as L is squarefree, and
§—degD <¢—degK as K| Die. deg K < degD. Now, as IT and so D is squarefree, and
g is multiplicative, we can do an Euler-product style rewriting;:

> o) = TJ0 o = [T (1+ 42 ) - T (o P =TI o

K|D p|D p|D p|D

We now have all the tools we need to state the most important result of Selberg’s sieve.
The following allows us to reduce getting sieve estimates to estimating G(&, m)—which only
depends on w—and |Ry|.

12



Theorem 3.3 (The Fundamental Theorem of Selberg’s Sieve). Suppose 0 < w(p) < [p| =
qi°8* for all irreducibles p € P. Also, let & = y/2, G(£,m), and g(L) be as before, and
u(f) = Zplfl be the number of distinct irreducible factors of f(t). Then

1
S(A,P;m) < X + 3'D)R
A Pim) < X m) D“;P,m) ool
deg D<y

Proof. The main term is from our result above. Since [Ap| < 1 by Proposition [3.2]

OIS S Palbels 3 1=300

[D1,Da]=D [D1,D2]=D

where we evaluate the sum combinatorially: since D is squarefree, (D1, Dy| = D if and only
if every irreducible factor of D either 1) divides both D; and D,, 2) only divides D; and not
Dy, or 3) only divides Dy and not D;. There are 3 choices per factor, giving the result. [

3.3 Applications: Irreducibles and Twin Irreducibles

The strength of Theorem is that it has done all the hard work in getting optimal bounds
for us; all we need to do to apply it is estimate G by estimating g, which only relies on w. We
provide two original calculations applying Theorem [3.3] inspired by some of the bounding
techniques in [15].

Example (Counting Irreducibles of Degree n). With Selberg’s sieve, we now improve our
calculation from before on counting irreducible polynomials, notably allowing m = |n/2] to
get our desired count. Let

o A= {f(t) € F,[t] : f monic,deg f =n}
e P ={p e F,[t] : p monic, irreducible}
e m=|n/2|

So Vp € P w(p) = 1, and by the Chinese Remainder Theorem/multiplicativity VD |
II(P;m) w(D) = 1. Note that if deg D < n, the error term disappears: Rp = 0 since
deg D < n so the count is exact as we described before. To make this happen, we let y < n
i.e. £ =|n/2] (to make the sieve as accurate as possible we make £ as big as possible). Now
we calculate the auxiliary functions.

w(p) wp)y-t 1 1\-! 1 g
o =50 (0= 5r) = p(p) ==

By multiplicativity of g and a divisor L | II being squarefree:

o) =TI "= ¥ ﬁ

p|L k=1 rad(M)=L
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where rad(M) is the product of the distinct irreducible factors of M. Note M is monic as
all the irreducible factors p are. So

1 1 q
CEOEDIFCED VDS EDWE EOMDIL-EDI BX
LI, L|II, rad(M)= §4 n]l\;mc d=0 M monic d=0
deg L<& deg L<¢ eg M <€ deg M=d

Hence, letting m,(n) = #{monic irreducible polynomials f : deg f = n} and using { =
n/2] =n/2+ O(1),

- : X e ¢ q e
ma(n) = SAPim) < Gy S € T a0 - Tat oty = Gy

Example (Counting Twin Irreducibles of Degree n). Fix a nonzero polynomial K of degree
< n. We will estimate the number polynomials such that f, f + K are both irreducible. Let

e A={f(f+ K): f €F,[t] monic,deg f =n}
e P ={p € F,[t] : p monic, irreducible}
e m=|n/2|

Since deg(f + K) = n, it is only reducible if it has a factor of degree < |n/2]. Hence if
f(f + K) does not have any factor of degree < |[n/2], then both f and f 4+ K must be
irreducible. For p t K, w(p) = 2 as either f = 0mod p or f = —K mod p. If p | K, then
w(p) = 1 as the divisibility conditions become the same. Similar to before, if deg D < n,
then Rp = 0: say D | f(f + K) i.e. f = Amod D where X is one of the w(D) residue
classes that permits divisibility. Then f = QD + X\ with deg@? = n — deg D, and so
the number of possible f is equivalent to a choice of the quotient and remainder. Hence
#Aq = ¢ 48D . (D) = q"w(D)/|D]| is exact. Thus, we set y < n and so & = [n/2] to
eliminate the remainder term. Similar to before,

{|—_ Y 2/p)F ifpt K

W)=\ o = ) it | K

For (L, K) = 1, we have

o =112 [p[F — > M|
p|L k=1 rad(M)=L

where (M) is the number of irreducible factors of M with multiplicity. We now lower
bound G (&, m) by sieving polynomials coprime to K (i.e. ignoring the irreducibles p | K):

2U(M) 9Q(M)
ORI VRIS DTS DED DEE e D e
LI L LI rad(M)=L M monie
deg L deg L deg L eg
Bhes (L,%K)igl (L,gK)ﬁ (M,K)=1



The coprimality condition is tedious, so we bound it below with first-order inclusion-exclusion:

aemz Y Doy 2oy
,m) > = -
M monic ’M| M monic ’M| M monic ’M|
deg M <¢ deg M <€ deg M <¢
(M,K)=1 (M,K)#1
2 &)

.y 2oy y

M monic p|K M monic

deg M < deg M <¢

pIM
2UpN)

N Mgmc |M| Z N%nc |pN|

deg M <& degN<£ degp

2Q

> Y Z |p| Y

M monic N monic

deg M <€ deg N<&

9 QM)

(12

( MZK |p’ M%ﬂic |M‘

deg M <€

noting that Q(p) = 1. Let cx =1 —
M, we can again bound this sum using 2* > x + 1. Also, note ZdegM:j d(M) =

AB = M,degM = j} =

ZP‘K I%I Letting d(M) be the number of divisors of

QM)
e > o X T 3 U

M monic
deg M <€

M monic
deg M <¢

#{(A, B) :

2:0 ¢~ = (j+ 1)¢/, giving us the further bound:

-
J+1 §(E+1)
S

Thus, we conclude that the number of twin irreducibles f, f + K is bounded above by

S(APim) <

n

q

2q™

<
G(&m) ~
with CK = 8/CK.

cké(E+1)/2

ce(n/2 + 0O(1))?

= (Cx +o(1)

4 The Parity Problem

With nothing but essentially inclusion-exclusion, we obtained some very promising results,

especially knowing the true counts we want.
Theorem 4.1 (Prime Number Theorem for Polynomials). m4(n) = + > djn w(n/d)gt ~ q"/n.

= D per, i monic /|7 e the zeta function of Fy[t]. There
= >aa"/q" =1/

Proof. We follow [11]. Let (,(s)

are ¢ monic polynomials of degree d, so (,(s) q' %) for all complex
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numbers with R(s) > 1. By unique factorization, (,(s) = [[,(1 — [p|*)~". Letting Z = ¢~*
and equating the two formulations,

= I a-po =Tla-z9=
d=1

p irreducible

where we group the irreducibles p by degree. Taking the logarithmic derivative with respect
d
to Z of both sides and multiplying through by Z yields 132 = = Do dT;QEClZ)dZ

both sides into power series,

. Expanding

i‘”: Q7" = i dmy(d) f: Zkd
d=1 d=1 k=1

Comparing and equating the coefficient of Z™ on either side, we get ¢" = > dln drmy(d).
Mébius inversion gives nmy(n) = >, p(n/ d)q?. O

Remark. This exact formula is a consequence of (,(s) = (1 — ¢'~*)~! having no zeros. In
Z, the Prime Number Theorem is proved via the explicit formula, which expresses prime-
counting sums up to X as a contour integral of the logarithmic derivative ¢’/¢. By the
Residue Theorem, each zero p of ¢ contributes an error term of size X ®(). In F,[t], no zeros
for (,(s) means the power series > o~ de(dZ)dZ = qZ/(1 — qZ) has no correction terms, i.e.
the coefficient extraction is exact. For more on the case of Z, see C3.8 Analytic Number

Theory [4]. This is one of the key analytic differences between Z and F[t].

Remark. The above can also be proved with an algebraic argument, using inclusion-exclusion
counting on the number of elements not contained in maximal subfields of finite fields [2].

So our current application of Selberg’s sieve is only off by a factor of 2 of the true count
my(n). There are thus two improvements we would seek from our proof: 1) reduce the
leading constant 2 to 1, and 2) find a corresponding lower bound. We did, after all, rely on
an arbitrary choice of working with a quadratic formulation of ", and gave bounds on ¢
that are not obviously tight.

Unfortunately, there is a reason why we did not present possible solutions to either, since
it is empossible to achieve either improvement with sieve methods alone—for Selberg’s sieve
and in general! The problem lies within the simplicity of sieve methods for while they lend
themselves well to a wide array of problems, they do not have access to enough information
to strengthen their results.

Recall the original sifted set quantity we seek to estimate is S(A, P;m) = 3y u(d)#Aa.
Since this sum is only over divisors of II(P; m) and hence only has terms including irreducible
factors with degree < m, it is blind to the divisibility patterns of irreducibles of degree
> m. Consider two polynomials f; = py...prq1 and fo = py...prq1q2 Where p;, q; are
irreducible polynomials with degp; < m and deggq; > m. So (f1,II) = (f,II) and thus
fi€ Ay < fy € Ay forall d|II. So they contribute identical counts and thus to a sieve,
f1 and f5 are functionally identical; if f; € A was in a set we are sifting from, and we replace

it A= AU{fo} \ {f1} with fo, then the counts are the same S(A, P;m) = S(A', P;m).
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But f; and f5 clearly are not the same! They have different cofactors ¢ # ¢1g2, and
most importantly for us, their parity differ Q(f;) # Q(f2). Since the sieve only parses the
divisibility data of the irreducible factors up to degree m, extra information can hide in those
larger prime factors. This is the basis for the parity problem of sieve methods.

4.1 The Problem Formally

We demonstrate the parity problem more concretely now, extending the pointwise element
argument to whole sets, constructing two different sets A", A~ with the same divisibility
data but different sifted counts. The idea is that the sieve must treat these sieves identically
and hence produce the same output, even though what can be sifted from them is wildly
different. In particular, suppose we have functions p*, 4~ that attempt to bound our sifted
set:

D1 (D)#Ap < S(APym) < 3 it (D)#Ap

DI DI

Assume pt and p~ are both supported on a subset of all the divisors i.e. u*(D) = 0 for
deg D > y like we had in our Selberg sieve above; any reasonable sieve will need to truncate
to some level to keep the error of approximations (in the remainder term R) small. We will
show there are fundamental limits to how tight of an upper and lower bound we can obtain.
As before, we work with monic polynomials over a fixed finite field F,[t]. For clarity, we
focus specifically on the problem of counting degree n irreducible polynomials m,(n) where
we sift from A = {f(t) € F,[t] : f monic,deg f = n} (see Example [3.3).

Proposition 4.2. | > deg r=n )\(f)' < gnth)/2,
J€F,[]

Proof. We follow the similar strategy as in Z. Let Ly(n) = >4, j—, A(f) be the sum we
want to bound, and consider the generating function y ~ L,(n)Z". Expanding L,(n) and
by the multiplicativity of A, we obtain the following chain of equalities of formal power series:

SUOEED SRIEEEES | DORTEERE | DO | e
n=0 FEF,[t] p k=0 p k=0 p

From the Euler product form of the zeta function above, we have [ (1 — Zdeer) = 1/¢,(s) =
1 — ¢Z with the change of variables Z = ¢~*. Similarly for [] (1 — Z2deer) = 1/¢,(2s) =
1—qZ%

1 1 — zde¥ 1—qZ - k 72k
ZL H1+Zdegp:Hl_ZQdegp:1_q22:(1_q2)2q2
p

k=0

— Z qk22k . qk+122k+1
k=
Reading off the coefficients gives |L,(n)| < ¢™+V/2. O
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Let AT = {f € F,[t] : deg f = n, A\(f) = £1} be the sets of polynomials with an odd/even
parity number of irreducible factors with multiplicity. The above tells us that the number of
polynomials split between A* and A~ are about equal: note # AT +#A~ = ¢" and #A4+ —
#A™ = Ly(n), so # AT = (¢"£L,(n))/2 = (¢" £O(¢"V/2)) /2. By multiplicativity of \, we
also obtain #.A7, = (#Ap + A(D)L,(n — deg D))/2 = (¢"~ P £+ \(D)O(q—dee P+1)/2)) /2,

These look similar, and since L,(n) is relatively small, we have

|#A+ #AD| q(n—degD—H)/Q
#Ai — %qn degD+O(q(n degD+1)/2)

_ O(q—(n—deg D—l)/2)

This bound is monotonic in deg D. Recall u* are supported for deg D < y to truncate the
inclusion-exclusion counting. So long as n — y(n) — oo, then

[# AL — #AD| ~(n—y—1)/2
dei“lll?péy #-Ai B ( )

uniformly over deg D. Hence #A, = (1 + o(1))#A}, for all D | II(P;m) with deg D < y.

Now the problem starts to realize itself. Since #A}, &~ #.A}, on the support of p*, they
both must induce the same upper and lower bounds for the sifted sets S(A*,P;m). But
clearly S(A~;P;m) contains all the irreducibles (with suitably chosen m), and S(A™;P;m)
only contains even parity elements and hence no irreducibles! This manifests in a strict over-
and underestimation of S(A,P;m). Noting that Ap = A} U A}, we obtain the following
bound on upper bounds of sieves:

=o(1)

3|

STt @ #A = 2+ 0(1) 3 pt(@#A; = (24 o(1)S(A™, Pin/3) = (2 +o(1))

d|Tt d|Tt

(note the choice of m = n/3: since A~ only contains polynomials of odd parity, the choice of
n/3 prevents polynomials that have more than 3 irreducible factors to survive the sieve i.e.
only irreducibles survive). So for any upper bound on S(.A,P;m), it must be at least twice
as big as the actual sieve count. Our result obtained with the Selberg sieve, while it does
not look ideal, is actually the best we can do. On the other hand, even more dishearteningly,
non-trivial lower bounds are hopeless:

S (d#AG= 2+ 0(1)> p(dFAT < (24 0(1)S(AT, Pin/2) =

d|Tt d|T1

since AT contains no irreducibles i.e. S(AT,P;n/2) = 0. Hence any lower bound on
S(A,P;m) must be trivial. For another perspective on this derivation via linear program-
ming, see [8].

This is the parity problem. Since the divisibility data of A" and A~ are identical, without
additional supplemented information, the sieve treats them identically, forcing results about
sets of specific parity in the full set A = AT U A~ to overcorrect. Note that lowering the
sifting level to include more elements can fix sieve arguments; if we instead sifted at a level,
say m = n/3 < n/2 for the lower bound argument, then S(A™,P; m) > 0 as it contains semi-
irreducible elements with two factors f = pips with allowably small degrees; a lower sifting
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level that enforces no specific parity so the issue does not arise, at the cost of answering a
weaker question. As Tao [13] summarizes: no sieve can achieve non-trivial lower bounds for
sets of fixed parity, and any upper bound is loose by at least a factor of 2.

While we applied this specifically to counting irreducibles since we can determine the true
value of 7,(n) independently of sieve methods and concretely compare this off-by-factor-of-2
problem, the parity problem applies to estimating the size of a sifted set with a specific parity
in mind. In the case of twin irreducibles, our goal was to sift from A = {f(f+K) : deg f = n}
to obtain the number of irreducible pairs encoded by the product p(p+ K'). These elements all
have even parity, and hence suffer the same problem. The impossibility of non-trivial lower
bounds is what truly sets apart the parity problem from other limitations, as it instantly
kills any hope of proving any conjectures about existence; while sieves alone can show only
so many elements survive the process, they cannot guarantee something will survive.

Remark. It is worth mentioning that this is a problem of estimating and bounding S(.A, P;m).
This is not a problem with sieves themselves, in the sense that the full inclusion-exclusion
count S(A, P;m) = ZDm u(D)# Ap is correct and agrees with the truth. For small support
deg D < y, we get the parity-confused data #A} ~ #.A,, but the divisors D with large
deg D in the full count allow for them to be differentiated and the sieve to be accurate again.
S(A,P;m) = S(AT,P;m) + S(A~,P;m) and the sieve agrees with the set of the parity it
targets.

Remark. The full strength of parity relied on our sum » 4., ;—, A(f) being small. In cases

(i.e. other problems or rings) where it is not, then the sieve data #A}, #.A}, is necessarily
different and the upper bound factor of 2 may be reduced.

Remark. The phenomenon is specific to Q(f) mod 2: > deg f=n 222 has leading coefficient
proportional to 1/I'(z), which vanishes only at the root of unity {& = —1, where I" has a
pole. Partitions of Q(f) modulo p > 3 remain distinguishable since the series is not small at
the corresponding roots of unity; see [14, Thm. 11.5.3], [7] for Z.

Remark. While we do not show it here, to actually show that parity truly is a problem
for the twin irreducible problem, one would have to show > ..+, pir(s1r0) ALf) = o(#A3)
is small for each D | II in the support of the sieve. This requires a bit more work since
D | f(f+ K)= D | f and so we cannot leverage multiplicativity like we did above.

4.2 How Can We Overcome Parity?

If parity is such a fundamental limitation for sieve methods, they seem almost useless to prove
anything. That is mostly true in the case one tries to only uses sieve techniques to prove
something. What extra information can we give sieves to strengthen them and overcome
the parity problem? What additional facts and hypotheses could we need to leverage to
overcome this barrier?

It is worth noting what does not improve the parity problem. The barrier is robust against
the obvious adjustments: the argument made no assumption on p*, on the truncation level
y, or on the choice of sieve, so none of these can break it. Increasing y only saturates the
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bound at the parity ceiling, and in our examples y < n is already maximal. The obstruction
is structural.

One route is to avoid parity altogether. Naively, we could in some way change our
sieve formulations to adjust for the parity problem. For example, in the case of estimating
mg(n), instead of sieving on A, we could sieve directly on A~ with our knowledge that
#A~ ~ #.A/2. This would give the correct leading coefficient of 1 instead of 2 in the bound
mq(n) < (1+0(1))¢"/n. Note we have not actually bypassed the parity problem: it is still
overshooting by a factor of 2 for what the sieve expects, but because we are sifting on a set
half the size, we externally can recognize that this is adjusts for the truth. Alternatively,
we can relax our objective and allow for looser objects that are not parity restricted, like
looking at almost irreducibles P, that have at most 2 irreducible factors, but this counts a
different set than we originally wanted.

To actually “overcome parity”, we need to leverage some additional arithmetic facts with
new context beyond typical sieve techniques. This can come in the form of an understanding
of a generalization of sieve-like inputs, or something new all together. Sieves have proven
only so useful, and we now need something else; there could be a way to use sieve methods
to get the stronger asymptotics beyond parity, but as it stands and the theory suggests, it
is unlikely.

4.2.1 Generalizing Sieve Information: Type I vs. Type II Sums

In a spirit of returning to the combinatorial roots of sieves with inclusion-exclusion counting,
we look at a generalization of the arithmetic facts that sieves leverage. Using the vocabulary
of [5] and [3], these come in the form of Type I and Type II information.

Type I information is, roughly speaking, linear information about individual divisibility
conditions. Type I information is that which concerns #.Ap individually.

Definition 4.3 (Type I Information). A Type I sum is one of the form >, po, ap#Ap
for |ap| < 1. A Type I estimate or information at level of y for A is an estimate of this sum
that applies uniformly in the bounded weights ap.

These are quantitative descriptions of how the elements of A distribute among the divis-
ibility classes. That is, a Type I sum is an instance of a sum that is structurally identical
to what a sieve actually computes with inclusion-exclusion. In the Selberg sieve, we had
ap = Z[Dl Dy]=D AD1AD, (which can be renormalized to be less than 1; bounds by sieves
are only up to an O(1) factor anyway). Estimating #Ap = ‘D|)X + Rp as before, we can

decompose a Type I sum as

Z QD#AD:X Z OéDw|<DD|)+ Z OéDRD

deg D<y deg D<y

A small remainder means the main term is an accurate asymptotic for the Type I sum, so
we thus seek bounds on ‘EdegD<y ozDRD‘ < > deg D<y [B20| (note since |ap| < 1, this bound

is tight taking ap = sgn Rp).
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Example. Recall for A = {f € F,[t] : deg f = n} and for D with deg D < n, we had an
exact equality that #A4p = ¢"~9” with no remainder term Rp = 0, and so A has Type I
information up to level n with 3=, . o, ap#ADp = ¢" D40 pen ap/qiel.

In the case of Z, one of the most common pieces of Type I information used is the
Bombieri—Vinogradov theorem and its description of the level of distribution up to 6 = 1/2.

Theorem 4.4 (Bombieri-Vinogradov). For x > 2, ¢ € N, and (a,q) = 1, let w(x;q,a) :=
#{p<x:p=a(modq)}. Then for every A > 0 there exists B = B(A) > 0 such that

_ Lily)

0 a ’
y<z (aq)=1 ©(q) A (log z)4

uniformly for Q < z'/?(logz)~B, where ¢ denotes Euler’s totient function.

Let A = {f(p) : p < z prime} for some polynomial f € Z[z]. Then d | f(p) <
pmod d € p(d) = {amod d: f(a) =0mod d}, and so #As = 3,4 7(2;d, a). Bombieri-

Vinogradov tells us exactly when we can sieve on these types of sets.

Remark. It is worth briefly mentioning two concepts that makes the Bombieri—Vinogradov
theorem so widely used, and why the remainder term being O(x/(log x)*) for all A is good
enough for our purposes. We introduce them in the context of Z for its later relevance.

Definition 4.5 (Dimension). Let (A, P) be parameters for a sieve problem on Z with the
multipilcative density function w(d). If

Z —w(p)plogp = rlog (i) + O(1)

w<p<z
for 2 < w < 2, we say k is the dimension of the sieve problem.

k is essentially the average value of w over the primes. By partial summation, we obtain
> p<aW(p)/p = Kloglogz + O(1), and so with the Sieve of Eratosthenes-Legendre

S P < X[ (1= 22) 4 S i = o+ IR
peEP

peP d|TT

p<z p<z
So up to making the remainder small, X/(log z)" is expected order of magnitude (note this
agrees with the bounds we obtained with the Selberg sieve for counting irreducibles and twin
irreducibles). This is the basis and intuition for the Fundamental Lemma of Sieve Theory
which makes these types of estimates precise. This is particularly relevant since upper bound
constants depend and tend to worsen the higher the dimension [8] [3].

This also motivates the complementary notion of the level of distribution.
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Definition 4.6 (Level of distribution). Given a sieve problem (A, P) with |A| = X and
remainder terms Ry = #A; — X M, we say the sieve problem has level of distribution 6 if

d
for every A > 0,
> 1Rl <a
2 g

for every € > 0 [3]. More precisely, following [8], we call 8 an admissible level of distribution,
since the optimal value of § may not be known.

This in tandem with the Fundamental Lemma gives a nice characterization of when we
can ignore remainder terms: sift within the level of distribution.

Example. In our polynomial examples above counting irreducibles and twin irreducibles,
we achieved maximal level of distribution 8 = 1 since Rp = 0 for all D with deg D < n i.e.
> deg D<ng tD = 0 (note: although the level of distribution index looks different, it is the

same writing the condition as |D| < ¢%*).

Example. The Bombieri-Vinogradov theorem says we can achieve level of distribution § =
1/2 for sets built from primes like {f(p) : p < z prime} and f € Z[x] a polynomial.

Type I information, already as we have seen, is essentially useless for our purposes of im-
proving parity. After all, the whole point of parity is that it approximately evenly distributes
among residue classes—something that Type I information tries to address. What we showed
above in our original demonstration of parity was that the A(f) is evenly distributed among
the residue classes and thus could hide in these sums. Type I information is limited in that it
only looks at individual divisors, one at a time, and as we have seen the divisibility patterns
of elements that have odd or even parity can have the same divisors below a given level. So
even though we achieve maximal level of distribution # = 1 in F,[t]—the strongest Type I
information—we still are unable to bypass parity.

What we need instead is an analysis of not just divisibility, but factorization as a whole;
if we can look at how an element f = gh factors, we can more effectively determine whether
it is truly an irreducible or not. Type II information addresses this, probing elements that
might factor nontrivially. Roughly speaking, Type II information is bilinear information
that gives the ability to control sums of these almost irreducibles.

Definition 4.7 (Type II Information). A Type II sum is one of the form

Z Z apBe# Ape

deg D<y; deg E<y2

for |apl|, |Bp| < 1. A Type II estimate or information on [y1,ys2]| for A is an estimate of this
sum that applies uniformly in the bounded weights ap, Bg.

These types of sums explicitly probe factorizations DF, and so can be made sensitive to
nontrivial factorizations; Type I information tells us how elements distribute among divisibil-
ity classes, while Type II information tells us how elements distribute among factorizations.
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Creative decompositions, like that provided with Vaughan’s identity [12], allow Type II
estimates to give stronger results that sieves could not.

Remark. Type IT information is only genuinely new beyond Type I when the ranges [y1, yo]
are chosen so that y; + y» (the maximum degree of DFE) exceeds the level at which Type
I information is available on A. If instead y; + y2 < y for some Type I level y, then the
bilinear sum collapses to a linear combination of counts #Ar with deg F' < y; + yo via the
rearrangement

Z apBeg #Ape = Z ( Z OéDﬁE) #Ap

deg D<y1 deg F'<y1+y2
deg E<ys deg D<y1,deg E<y2

with the inner weight bounded (up to a divisor factor), reducing to Type I information
at level y; + yo. Throughout, Type II ranges are understood to be calibrated so that this
reduction is unavailable, i.e., so that y; + y» exceeds the operative Type I level on A.

Example (Vaughan’s identity). Here is a useful combinatorial identity that highlights the
utility of Type II estimates [3]. Let y,z > 1, and A the von Mangoldt function. Then for
any n > z,
n
S NIOLT S SETOINC I SO

bln beln be|n

b|§y bgy,|c§z b>y,|c>z
(and a similar formula exists for x4 with a similar derivation using p*1 = ¢). Summing A(n)
over n € A gives

D A=) pud)y logg = pO)A#A+ D pb)A()#An

neA b<y neA b<y b>y
bln c<z c>z
- g N g
v Vv
Type I Type II

exhibiting » _, A(n) as a Type I functional at level y (with a logarithmic weight) plus two
Type II functionals. With both ingredients controlled, the sum is evaluated asymptotically
rather than bounded above by a sieve majorant—a reduction Vaughan’s identity and its
generalizations make available for many problems.

4.2.2 Other Ingredients?

Type II is not the only route. In F,[t], geometric inputs are also available; sieves’ analytic
intent do not preclude the success of other methods which we will see below.

5 The State of the Twin Prime Conjecture

The twin-prime question for [F,[t|—are there infinitely many irreducible pairs f, f + K7—is
fully resolved, while its Z-counterpart remains open. The closest available integer result is
Chen’s theorem, producing infinitely many prime-semiprime pairs; the gap between Chen’s
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theorem and the twin prime conjecture is precisely the parity problem. We now sketch the
proof strategies for Z and F[t], focusing on which sieve-external inputs do or do not break
parity. The arguments below draw on sieve constructions beyond Selberg’s; we give them in
outline rather than in full.

5.1 The Case of Z: Chen’s Theorem

Unfortunately, the twin prime conjecture is still undecided for Z. The best we have thus far
is Chen’s theorem that says there are at least infinitely many prime-semiprime pairs.

Theorem 5.1 (Chen). There are infinitely many primes p such that Q(p + 2) < 2. E]

There are three critical details to Chen’s proof; see [10] [1] [8] [3] for more details. We
briefly sketch out the broad strokes in the proof. The first is directly sifting on primes
A={p+2:p< N prime} and leveraging the Bombieri-Vinogradov theorem. This drops
the dimension of the sieve problem from 2 to 1, and more importantly fixes one of the
numbers in our pair p to be prime; statements about the factors of the product of n(n + 2)
in our original suggestion cannot be isolated to either term.

Secondly, Chen forms the weighted sum

1 1
So = S(A,P;z) — 5 Z S(A,, P;z) — 5 Z a(n)
SN (1P 21

where a(n) = 1 if n = pipops is the product of 3 primes such that p; < N'/3 < py < ps, and
else a(n) = 0. The decomposition is inspired to analyze the factorization of each element
n, and assign a non-negative weight to n when Q(n) < 2 and assign a non-positive weight
otherwise. So the positivity of Sy implies #{n € A : Q(n) < 2}, and suffices to lower bound
it, which translates to lower bounding S(.A, P; z) and upper bounding the latter terms. Upper
bounding sieve counts are comparatively easy as we did before, but it might seem weird that
we are asking to lower bound the sifted set S(A, P; z) already, but the upshot is that Chen
was able to use a much looser and more forgiving choice of small z = N/ and we instead
use this weighted sieve to refine the result, subtracting out counts that would have more
than 2 factors; this is a roundabout way to avoid directly dealing with sieves.

The final key is Chen’s “switching” or “reversal of roles” trick to bound the final sum
involving a(n). In particular, the final sum

> an)=#{p+2:p+2=pipaps,z <p1 < N'* < py < ps}

ncA
(n,JI(P,z))=1

counts the number of p + 2 as a product of 3 primes in the given range. This is a bit of a
strange set to directly sieve on, as typical sieve machinery cannot filter for factorizations;

!The original source of Chen’s theorem is hard to find, but there are many discussions surrounding
the ideas, especially since his proof technique works identically for proving a similarly weaker version of
Goldbach’s conjecture.
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Type I information cannot alone have us cleanly distinguish this specific structure. However,
since we do know the exact structure of the elements it counts, we can exploit this to sieve
on a new set that gives the same bounds. Consider instead the set

B={pipops —2: 2 <p; < N3 <py <ps, pipaps < N + 2}

Now we can sift on this instead and ask the more familiar question how many elements of
B are prime? With an adapted version of Bombieri—Vinogradov, we can get similar upper
bound estimates on S(B,P, N'/?) to upper bound the final sum. Of course, the parity
problem remains operative in each application of a sieve bound and the smaller sifting level
needed.

While not proven, there are some known reductions of the twin prime conjecture. The
following is a kind of Type II generalization of the Bombieri—Vinogradov theorem that has
been shown if true implies the twin prime conjecture, further reinforcing that sieve inputs
are too simple for their goals [10]. Especially in the case of an object n(n + 2) that cleanly
separate in multiplicative functions, bilinear data seems to be the needed one.

Shifted Mobius Elliott—Halberstam Conjecture EH,, (z%): For any A > 0, we have

max max An)u(n+ h) —
maxmax | D Almptn+h)
<z n<y
n=a (mod q)

Z An)u(n+h)| <a

1 T

i -
olq) 2= (log 7)
While not obvious, via Vaughan’s identity, this is equivalent to a kind of Type II content
in bounding a bilinear sum of A and u. We will see successfully bounding these types of
shifted, bilinear (and more general multilinear) sums in u is what ultimately closes the twin

prime conjecture in F,[t].

5.2 The Case of F[t]

For Z, we had a single parameter to consider in trying to show there are infinitely many
primes with taking n — oco. For the polynomial case, we have two: the choice of ambient
ring F.[t] and the degree of polynomial we seek to find twin irreducible pairs. As such, we
have two distinct results to address both.

5.2.1 Pollack: Twin Irreducibles of Fixed Degree n

Pollack proved the first of a twin prime analogue for polynomials [9).

Theorem 5.2 (Pollack). Let n > 2 and let 0 < k < n. Let M € F,[T] have degree k,
let p denote the least prime divisor of n, and let R(n; M,q) be the number of polynomials
p € F,[T] of degree n (not necessarily monic) such that both p and p + M are irreducible.

Then M| g )
< R(n; M - <q¢"-——+42 .

qn |M| qn/erl

n (M) n?
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From this, it is clear from the dominant term we get infinitely many twin irreducibles
pairs across multiple fields IF,[t] as ¢ — oo.

Corollary 5.3. Fizn >2 and 0 < k <n. Then for every M € F [T] of degree k,

as q — Q.

In particular, for all sufficiently large q (depending only on n), there exist pairs (p,p+ M) of
irreducibles of degree n in F,[T|; the number of such pairs grows without bound. Explicitly,
R(n; M, q) > 0 whenever q exceeds an absolute constant multiple of n*.

The key intermediate result is the identity

R(n; M,q) = Z N}?_Wq(n)
h€(M/Rp_1-k,1)"

where (M /Ry )* denotes the unit group of the congruence relation Ry, on the monoid
M of monic polynomials, under which A = B iff A and B agree modulo M and share
their first [ next-to-leading coefficients [9]; and Nj, denotes the number of monic degree-n
irreducibles in the class h. The derivation is direct: two monic degree-n irreducibles @, @)’
satisfy Q' —Q € F,- M precisely when they agree modulo R,,_1_4 ar, s0 Y, N7 counts ordered
pairs (@, Q') with Q" — Q = aM for some a € F,. Note such a pair corresponds to the pair
(a™'Q,a Q") that differ by M. Subtracting the diagonal contribution 7,(n) (where oo = 0)
yields the above.

The key lower bound now follows relatively elementarily with the Cauchy-Schwarz in-
equality and the PNT for F[t], noting >, N = m,(n) and >, 1 = ¢" "' "*p(M) (using the
fact that [f] € (M/Rym)* < [f] € (F,[t]/(M))* and #(F,[t]/(M))* = p(M) and we

have ¢' choices of lead coefficients [6]):

2 2
ZNh N~ mmg)?* 1 (f 3 QQ"/”>
- Zh 12 " Ro(M) T g Re(M)

n n

Combined with the key identity gives

]_ qn 2qn/p 2
R(n; M, q) ZNh—qu ZC]”_TSD(]W) e —m(n;q)
|M| qn+1 B 4qn/p+1 B i
(M) \ n? n? n

This gives R(n; M, q) — 0o as ¢ — oo. The corresponding upper bound is more involved.
Pollack instead bounds each N, via an explicit character-sum expansion to obtain an equidis-
tribution result of irreducibles across the elements of (M/R,,_1_x ), and applies Weil’s
Riemann Hypothesis over I, (in Rhin’s extension to characters of (M /Ry )*) to control
the resulting error.
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Pollack overcomes parity for twin primes for a similar reason it was when it came to
the Prime Number Theorem: F,[t] allows for much simpler combinatorial arguments. The
stronger analytic results available allows him to get tighter estimates than otherwise ex-
pected.

Remark. The non-monic counting in R(n; M, q) is essential: >, N? — m,(n) counts monic
pairs differing by any scalar multiple of M, and the scaling (Q, Q') — (o 'Q, a1 Q) collapses
this Fx-orbit into the single shift M at the cost of allowing non-monic output. A monic
analogue of Theorem is, as Pollack notes, substantially harder.

5.2.2 Sawin-Shusterman: Twin Irreducibles in Fixed Field F,

Much more recently, Sawin and Shusterman proved the alternative, closer analogy of the
twin prime conjecture for certain fixed fields [12].

Theorem 5.4 (Sawin—Shusterman). Let p be an odd prime and let q be a power of p satisfying
q > 685090 p*. Then for any nonzero h € F,[T|, we have

X

#{f €FJT]: |fl =X, f and [+ h are irreducible} ~ S,(h) —5—
log;, X

as X — oo through powers of q, with a power-saving error term depending on q. Here the
singular series s

Sy(h) = JT(—1pl™) (1 = IpI™" = lpl L) .

p

where the product runs over all monic irreducibles p € Fy[T.

That is, for a fixed field I, satisfying the hypothesis, there are infinitely many twin
irreducibles f, f + h letting deg f — oo. Their key intermediate result is resolving the
k-Chowla conjecture.

Theorem 5.5 (k-Chowla, [12], Thm. 1.1). Let p be an odd prime, k > 1, and q a power of
p with g > p**°e2. Then for every fired choice of distinct hy, ..., hy, € F,[t],
D ulf +h)plf +he) o p(f +he) = o(X), X oo

JERg[1]*
lFl<X

with a power-saving error term, where F,[t]" = {f € F,[t] : f monic}.

While not the same statement, k-Chowla and EH,, both concern correlations of u at
shifted arguments—the Type II input that sieve methods cannot supply and that, via
Vaughan’s identity over Z or the convolution identity A = —1 * (i - deg) over F,[t], car-
ries the parity information the twin prime problem demands.

Theorem 5.5 is the principal input to Theorem 5.4. The reduction in fact uses a shift-
uniform strengthening (|12], Thm. 4.5), but the mechanism is that of Theorem 5.5. The key
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observation is that for any polynomial r, the function u(r + s?) is essentially x,.(s + ¢,) for a
quadratic Dirichlet character x, and shift ¢, depending only on 7 ([12], Lem. 3.2)—a conse-
quence of Pellet’s formula and the vanishing of the derivative (r + s?)’ = r’ in characteristic
p. Restricting the Chowla sum to p-th power slices and collapsing the product via Chinese
remainder reduces it to a short sum of a single Dirichlet character, which is bounded by a
geometric refinement of Burgess’s bound (|12], Thm. 1.4) via f-adic sheaf cohomology and
Deligne’s Weil II. There is no obvious analogous integer strategy.

The second ingredient is a level-of-distribution estimate for pu.

Theorem 5.6 (Level of distribution for u, [12|, Thm. 1.7). Fiz n > 0. For an odd prime
p and q a power of p sufficiently large in terms of n, the following holds. For coprime
a,M € F,[t] and X € R with X'~ > |M]|,

> un=oqg). Il

feF [t
[fISX
f=a mod M

Remark. Note this is level of distribution for u itself—a type of cancellation statement—as
distinct from the Type I level of distribution for a sieve sequence A as discussed earlier.
The latter was shown to be unhelpful for parity, whereas the former is precisely the kind of
p-input parity-breaking requires. They are not completely unrelated, though. For example,
an equivalent formulation of the Bombieri—Vinogradov theorem can be thought of as stating
the level of distribution of A is 6 = 1/2.

So p over F,[t] achieves level of distribution § = 1 — 5 for arbitrarily small n—beyond
Bombieri-Vinogradov’s § = 1/2, and past what the (original, not shifted) Elliott—Halberstam
conjecture predicts over Z. The proof routes through the same Dirichlet-character observa-
tion ([12], Lem. 3.2): p in an arithmetic progression modulo M reduces to a short character
that is handled by the Burgess bound.

The two inputs are combined through the convolution identity

A=—1x(p-deg),  A(f)=-=_ulg) deg(g),

glf

the function-field analogue of A = p *xlog. A hyperbola-truncated form of the above convo-
lution applied to A(a + gM) splits at the diagonal: Theorem controls the short-divisor
piece, the Chowla input controls the long-divisor piece. The output ([12], Cor. 6.1) is a

power-saving bound on
n

> Ma+gM) ] wlai + gM;)

g€F[t]* =1
deg g=d

This is the direct polynomial analogue of EH,,,, and is in fact stronger, since the previous
conjecture is an averaged statement over moduli with log-saving error, while the above holds
for each fixed M with power-saving error and for multiple linear-form shifts simultaneously.
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Theorem then follows from the above strengthened EH,, via the reduction shown
by [10]. In short: what Sawin-Shusterman supply is the Type II p-cancellation parity
demands, produced by a characteristic-p identification of p with a Dirichlet character that
has no integer analogue.

6 Conclusion

We have looked at sieve techniques with a focus on the twin prime conjecture, comparing
the difference between Z and F[t] to highlight and isolate where sieves fail and where other
methods succeed. Our discussion had three major arcs. First, we adapted sieve method-
ologies—specifically the Selberg sieve—to FF,[t] to compute an upper bound on the number
of twin irreducible polynomials. Second, we discussed the parity problem as the primary
limitation to sieve techniques producing not only asymptotics, but non-trivial lower bounds
on sets that have constant parity. Notably, it seemed to be simplicity of the Type I inputs
to sieves that prevented them from seeing and working around parity. Finally, using sieves
as a baseline, we looked at the state of the twin prime conjecture in Z and F[t], and some
of the key facts at the heart of the conjecture to bypass sieve shortcomings, whose availabil-
ity differs in the two settings. The strong combinatorial, analytic, and geometric data of
IF,[t] ultimately is what made the twin prime conjecture tractable; lacking integer analogues,
sieves remain at the forefront for it in the case of Z.
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